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Abstract 
The Biomedical Engineering has well-developed very rapidly in recent times, and after 

the intervention in all areas of medicine of life and to increase the accuracy and security 

of medical operations, especially surgical, where he was previously relying on a doctor 

in a different surgeries and this was accompanied by a lot of mistakes and the length of 

time and lack of precision The work of the large holes in the human body and the loss 

of a large amount of blood and sometimes lead to death, so was the invention of surgical 

robot which replaces the doctor in an all surgeries provided with camera and arms of 

the holes for the purpose of surgery during the operation and the withdrawal of the 

damage to the outside of the human body as well as to the sewing section which was 

performed surgery on it. 

The surgical robot needs to study in order to avoid any error while doing any surgery 

being moved in all directions as well manufactured and metals used in precision 

manufacturing to prevent the interaction between the human body and the materials 

used. 

The surgical robot when conducting any surgery, it is exposed to Dynamic movements 

and to vibrations co-operation in this research study and analysis of rotational and 

transitional arm scalpel movements (process surgical scissors) where was derived 

kinetic equations transition and spin of the robot during movement, analyze and find a 

response to each interface and detailed in this Arm and find the natural frequencies and 

modes and foretelling a movement for all data and thus find, responsive to the final 

robot through which to draw its own curves public movements during surgical 

operations. 

By introducing the mechanical specifications and dimensional modeling Android in 

Ansys program by drawing the paper model and the using of Scissors force, who is the 

surgical operations and give the suggestions in a note to the Islamic group Ansys 

program as well as the moments affecting bends and shear forces for the purpose of 

simulation model with reality. 

Where they discussed outputs, data movement, distortions, and distractions in the form 

and after the study results are analyzed-style geometric Medical to optimize the design 

and to avoid any error surgeons during surgical operations Mather the accuracy of the 

results and this in turn gives the safety and protection of persons during the surgical 

procedure. 

Keywords: Biomedical engineering, Surgical Robot, Response modeling 
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        ϣуϡГЮϜ ϣЂϹзлЮϜ дϜ ϹЦϤϼнГϦ  сϦϝуϳЮϜ ϟГЮϜ Ϥъϝϯв ϣТϝЪ сТ Э϶ϹϦ м ϢϽу϶ъϜ ϣжмфϜ сТ ϜϹϮ ИϼϝЃϧв ЭЫЇϠ

 ϝЊнЋ϶м ϣуϡГЮϜ ϤϝуЯгЛЮϜ ̭ϜϽϮϜ сТ дϝвъϜм ϣЦϹЮϜ ϢϸϝтϿЮ ЩЮϺмйуϲϜϽϯЮϜ  ϟуϡГЮϜ пЯК ϸϝгϧКъϜ ϝЧϠϝЂ дϝЪ ϩуϲ

звϿЮϜ ϢϽϧУЮϜ ЬнАм ̭ϝГ϶ъϜ ев ϽуϫЫЮϜ йЧТϜϽт дϝЪ Ϝϻкм  ϣуϲϜϽϯЮϜ ϤϝуЯгЛЮϜ СЯϧϷв ̭ϜϽϮϜ сТ ЭгКм ϣЦϹЮϜ аϹКм ϣу

 сϲϜϽϯЮϜ ϤнϠмϽЮϜ ИϜϽϧ϶Ϝ бϦ ϜϻЮ ϤнгЮϜ пЮϜ рϸϕϦ ϝжϝуϲϜм аϹЮϜ ев ϢϽуϡЪ ϣугЪ йжϜϹЧТм дϝЃжъϜ бЃϮ сТ ϢϽуϡЪ ϤϝϳϧТ

 ̭ϜϽϮϜ ЌϽПЮ ϞнЧϪ ЭгЛЮ ИϼϺϜм ϢϽвϝЫϠ ϸмϿв йжнЪ ϣуϲϜϽϯЮϜ ϤϝуЯгЛЮϜ ϣТϝЪ ̭ϜϽϮϜ сТ ϟуϡГЮϜ Эϳв анЧт рϻЮϜ

 ϼϽЏЮϜ ϟϳЂм ϣуЯгЛЮϜ ̭ϝзϪϜ ϣϲϜϽϯЮϜ ЩЮϻЪм дϝЃжъϜ бЃϯЮϜ Ϭϼϝ϶ пЮϜϜ аϝуЧЮϠ ϣуЯгЛЮϜ ̭ϜϽϮϜ бϦ рϻЮϜ ̭ϿϯЮϜ йАϝуϷ

 ϣуЯК ϣуϲϜϽϯЮϜ. 
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 ϣТϝЪ сТ ШϽϳϧт йжнЪ ϣуϲϜϽϮ йуЯгК рϝϠ аϝуЧЮϜ ̭ϝзϪϜ ϝГ϶ рϜ сТыϧЮ ϣЂϜϼϸ пЮϜ Ϭϝϧϳт сϲϜϽϯЮϜ ϤнϠмϽЮϜ дϜ

 ϣТϝЎϜ ϤϝкϝϯϦъϜ пЮϜм йЛузЋϦ ϣЦϸЮϜ ЙзгЮ йЛузЋϦ сТ ϣвϹϷϧЃгЮϜ дϸϝЛгЮϜ ϸϜнгЮϜм дϝЃжъϜ бЃϮ еуϠ ЭКϝУϧ

.ϣвϹϷϧЃгЮϜ 

 ϝзгЧТ ϤϜϾϜϿϧкъϜ пЮϜм йуЫувϝгзтϸ ϤϝЪϽϲ пЮϜ ЌϽЛϧт йжϓТ ϣуϲϜϽϮ ϣуЯгК рϜ ̭ϜϽϮϜ ϹзК сϲϜϽϯЮϜ ϤнϠмϽЮϜ дϜ

 ϣуϲϜϽϯЮϜ ϣуЯгЛЮϝϠ ЈϝϷЮϜ (ЉЧгЮϜ) АϽЇгЮϜ ИϜϼϻЯЮ ϣуЮϝЧϧжъϜм ϣужϜϼмϹЮϜ ϤϝЪϽϳЮϜ ЭуЯϳϦм ϣЂϜϼϹϠ ϩϳϡЮϜ Ϝϻк сТ

ФϝЧϧІϜ бϦ ϩуϲ  йЯЊм ЭЫЮ йϠϝϯϧЂъϜ ϸϝϯтϜм ЭуЯϳϦм ϣЪϽϳЮϜ ̭ϝзϪϜ ϤнϠмϽЯЮ йужϜϼмϹЮϜм йуЮϝЧϧжъϜ ϣуЪϽϳЮϜ ϤъϸϝЛгЮϜ

Ϝ ϸϝϯтϜм ИϜϼϻЮϜ Ϝϻк сТ ЭЋУвмϕϡзϧЮϜм ФнЃзЮϜм ϣуЛуϡГЮϜ ϤϜϸϸϽϧЮ  ϸϝϯтϜ сЮϝϧЮϝϠм ϤϝуГЛгЮϜ ϣТϝЫЮ ϣЪϽϳЮϜ ЭЫЇϠ

ϝлЮы϶ ев сϧЮϜм ϤнϠмϽЯЮ йуϚϝлзЮϜ йϠϝϯϧЂъϜ бϧт бЂϼ узϳзгЮϜ.ϤϝГГϷгЮϜм Ϥϝ 

нгЮϜ Ьϝ϶ϸϜ Ьы϶ ев ϬϺнгзЮϜ бЂϼ Ьы϶ ев ϾϿЃжъϜ ϭвϝжϽϠ сТ ϤнϠмϽЮϜ ϣϮϻгжм ϸϝЛϠъϜм йуЫужϝЫугЮϜ ϤϝУЊϜ

ЮϝϠ ЈϝϷЮϜ анЧт рϻЮϜ ЉЧгЮϜ инЦ Ьϝ϶ϸϜм ϩϳϡϝϠ ϾϿуЃжъϜ ϭвϝжϽϠ сТ ϤϜϾϝЛтϜ и̭ϝГКϜм йуϲϜϽϯЮϜ ϤϝуЯгЛЮм йЗϲыв

̭ϝзϳжъϜм ϢϽϪϕгЮϜ амϿЛЮϜ ЩЮϻЪм йЪϽϳЮϜ ϣуЮϜм ЉЧЮϜ онЦм ϤϜ ЩЮϺ.ЙЦϜнЮϜ Йв ϬϺнгзЮϜ ϢϝЪϝϳв ЌϽПЮ 

 бϧϦ ϭϚϝϧзЮϜ ϣЂϜϼϸ ϹЛϠм ϬϺнгзЮϜ сТ ϤϝТϜϽϳжъϜм ϤϝкнЇϧЮϜм йЪϽϳЮϜм ϤϝуГЛгЮϜм ϤϝϮϽϷгЮϜ ϣЇЦϝзв бϦ ϩуϲ

 йуϲϜϽϯЮϜ ϤϝуЯгЛЮϜ ̭ϝзϪϜ сϲϜϽϮ ϝГ϶ рϜ сТыϧЮм ЭϫвъϜ бугЋϧЮϜ пЮϜ ЬнЊнЯЮ сϡГЮϜ сЂϹзлЮϜ ϞнЯЂцϝϠ ϝлЯуЯϳϦ

ϽϪϕт ϝгв йуϲϜϽϯЮϜ ϤϝуЯгЛЮϜ ̭ϜϽϮϜ ̭ϝзϪϜ ЈϝϷІъϜ ϣтϝгϲм дϝвъϜ сГЛт иϼмϹϠ Ϝϻкм ϭϚϝϧзЮϜ ϣЦϸ пЯК.   

ϢϹІϽв ϤϝгЯЪ  ϣϠϝϯϧЂъϜ ϣϮϻгж ̪ сϲϜϽϯЮϜ ϤнϠмϽЮϜ ̪ ϣуϡГЮϜ ϣЂϹзлЮϜ 

Nomenclature 
Unit  Description Symbols 

---  Variable ὥ   ,ὦ 

Sec  Periodic time Ὕ    

Sec  The Auto correlation function Ὑ   (Ű) 

ὔ
ὓ  Stiffness matrix K 

ὔȢὛ
ὓ  Damping elements C 

--- 
   Correlation coefficient ɝ 

Rad  Natural frequency  ὡ    

N  Force P 

N  Load W 

--- 
  Mode shape 1   

--- Mode shape 2     

Sec  Time  T 

Kg  Mass M 
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1. Introduction 
Robotic surgery is the use of robots in performing surgery. Three major advances aided 

by surgical robots have been remote surgery, minimally invasive surgery and unmanned 

surgery [1].                                         

The world's first surgical robot was the "Arthrobot"(which is a bone mountable hip 

arthoroplasty surgery robot showing fast registrations), which was developed and used 

for the first time in Vancouver, BC, Canada in 1983.The robot was developed by a team 

led by Dr. James McEwen and Geof Auchinlek, in collaboration with orthopedic 

surgeon, Dr. Brian Day. National Geographic produced a movie on robotics which 

featured the Arthrobot. In related paper at that time, other medical robots were 

developed, including a robotic arm that performed eye surgery and another that acted 

as an operating assistant, and handed the surgeon instruments in response to voice 

commands [2].                       

So, the surgical robotics is a new technology that holds significant promise. Robotic 

surgery is often heralded as the new revolution, and it is one of the most talked about 

subjects in surgery today. Up to this point in time, however, the drive to develop and 

obtain robotic devices has been largely driven by the market. There is no doubt that 

they will become an important tool in the surgical armamentarium, but the extent of 

their use is still evolving [3].                                                                               

Advanced robotic systems give doctors greater control and vision during surgery, 

allowing them to perform safe, less invasive, and precise surgical procedures [4].                                                                                          

During robotic-assisted surgery, surgeons operate from a console equipped with two 

master controllers that maneuver four robotic arms. By viewing a high-definition 3-D 

image on the console, the surgeon is able to see the surgical procedure better than ever 

before. Computer software takes the place of actual hand movements and can make 

movements very precise [5].                                                                      

1.2 Advantages and Disadvantages of surgical robot 
the advantages  are Small incisions , Less pain , Low risk of infection , Short hospital 

stay , Quick recovery time , Less scarring , and Reduced blood loss ,  

The disadvantages are High costs of the equipment, there can be problems for surgeons 

in communicating with their assistant. Technical problems sometimes arise, including 

malfunction and collision of instruments, while robotic surgery is potentially faster than 

conventional surgery, this is not always the case in practice. ,It is difficult for surgeons 

specializing in robotic surgery to maintain their skills because there are so few cases 
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involving robotic surgery , Robots lack human judgment - they can only do what they 

have been programmed to do [6]. 

 1.3 Surgical the robot application  

the robot application are General surgery, cardiothoracic surgery ,Cardiology and 

electrophysiology, Colon and Rectal Surgery ,Gynecology Gastrointestinal surgery, 

Neurosurgery Orthopedics ,Pediatrics Radiosurgery ,Transplant Surgery ,Urology 

Vascular surgery [7]. 

1.4 Comparison between robotic surgery and conventional surgery 
Surgeons who use the robotic system find that for many procedures it enhances 

precision, flexibility and control during the operation and allows them to better see the 

site, compared with traditional techniques. Using robotic surgery, surgeons can perform 

delicate and complex procedures that may have been difficult or impossible with other 

methods [8].   

2. Theoretical Analysis 

In this, the surgical robot will be discussed in terms of components and function in 

order to have a general view of the surgical robot system. Surgical robot system 

composes of two forceps-holding manipulators and one laparoscope-holding arm. The 

three arms of the robot can move independently as shown in the picture below in that 

each arm can be placed and set solely on the operation table.        

This king of robot structure high degrees of freedom is being allowed for the setup and 

placement of the surgical robot.  At the same time, it should be considered that placing 

the three arms in compatible way to prevent collision during operation. Furthermore. , 

surgeons have mandatory duty in visualizing the right moveable range of the 

manipulators.                                                                                                           

Since reposition of the surgical robot is a critical issue, a computer-aided system is used 

to plan the surgery. Using the computer, surgeons check in advance the positioning of 

the three manipulators in order to reduce the setup time and prevent errors in operation 

room. 
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Fig. (1) The link mechanism of the surgical robot manipulator 

2.1 Random process  
It is the physical phenomena that result in non-deterministic data where future 

instantaneous values cannot be predicted in deterministic sense. e.g.; noise of jet engine 

wave high in a ñconfusedò ground motion during earthquakes, pressure gusts 

encountered by an airplane in flight. 

 
Fig. (2) Random process 

 In spite of the irregular character of the function many random phenomena exhibits 

some degree of statistical regularly and certain averaging procedures can be applied to 

establish gross characteristics useful in engineering design. In any statistical method, a 

large amount of data is necessary to establish reliability. 
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Fig. (3) Ensemble of pressure signal of air turbulence 

we can Compare the ensemble average of the instantaneous pressure at time     ὸ  .we 

can also multiply the instantaneous pressure in each sample at time ὸ   and at    

ὸ  †  and average these results over ensemble. If such averages do not differ as 

we choose different values of ὸ then the random process is said to be stationary. 

If the time averages from each sample are the same as those of any other sample and 

equal to ensemble average then the process is ergodic. 

 Thus for a stationary ergodic random process its statistical properties are available from 

a signal time function of sufficient long time periodic. 

2.2 The Auto correlation Function ╡●  Ⱳ 

It is the time average of the product  ὼὸȟὼ ὸ  †  ȟ†  is a time delay 

 
Fig. (4) Auto correlation Function 

Ὑ † ÌÉÍ
ᴼ

ρ

ςὝ
ὼὸ ὼ ὸ † Ὠὸ                                                     ρ 

2.3 Mean square value of ●◄  

ộὼ ὸỚ 
ρ

Ὕ
ὼ ὸὨὸ                                                                                ς 

If ὼὸ is truly random, the period over which it repeats is ὝᴼЊ  

we can show that  
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ὼ ὸὨὸς“ ȿὢὮȿ Ὠσ                                                              

2.4 Spectral density  
If the function ὼὸ existed over the interval Ὕ  ὸ  Ὕ and was zero outside this 

interval 

 
Fig. (5) Spectral density 
Mean square value over the interval is  

ὼ ὸὨὸ ὼ ὸὨὸ ὼ ὸ ȿὼὮȿ Ὠτ      

   Now let 
ὝᴼЊ  In order to represent the real function. 

 Then 

ὼ ὸ  ὰὭά
ᴼ

 ȿὼ Ὦȿ Ὠυ                                                        

or 

ộὼ ὸỚ ί Ὠφ                                                                                  

Where 

Ὓ  ÌÉÍ
ᴼ

“

Ὕ
 ȿὼὮȿ                                                                                χ 

i.e. mean square of the function can be regarded as consisting of a continuum of 

frequency components  

Ὓ ὼ   is known as the SPECTRAL DENSITY  of  the function ὼὸ and has the 

dimention of   ὼ   per unit second (i.e. per radian per second)  

2.5 Relationship between spectral density and correlation function  

Ὑ ί Ὡ  Ὠψ                                                                              

Ὑ   is the inverse Fourier Transform of the power spectral density . Also 

ί   Ὑ †Ὡ  Ὠ†                                                                    ω 
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2.6 Single ï Sided and Double ï Sided power spectrum 
It can be shown that  

ί   Ὓ      (Even function)  
Hence 

ộὼ ὸỚ Ὓ Ὠ ς Ὓ Ὠ Ὃ Ὠρπ                   

Ὃ  ςὛ   

Ὃ   is assumed to exist only for positive (ɤ ) and is called ñsingle ï sidedò power 

spectrum .  

Ὓ    (Double ïsided) is an even function because Ὑ † is an even function and 

this means that the imaginary part of  Ὓ   must vanish. 

Ὃ 3ÉÎÇÌÅ ɀ ÓÉÄÅÄ ÐÏ×ÅÒ ÓÐÅÃÔÒÕÍ           

Ὓ ÏÕÂÌÅ ɀ ÓÉÄÅÄ ÐÏ×ÅÒ ÓÐÅÃÔÒÕÍ$            

Unit    N2. Sec 

2.7 Cross power spectrum density  
The cross correlation function is the time averaged product of two random functions 

ὼὸ ὥὲὨ ώὸ. where one is delayed by the time †   

Ὑ †  ὰὭά
ᴼ

ρ

ς“
 ὼὸώὸ  †Ὠὸ                                                     ρρ 

This is not an even function of  †  . If ὼὸ is the random pressure at point  ὶ   , and. 

ώὸ  is the pressure at point ὶ  at a distance ɕ from ὶ   

Ὑ ὶ ȟὶ ȟ†  Ὑ ὶ ȟὶ  ‒ ȟ†  

Ὑ †  ὰὭά
ᴼ

ρ

ς“
  ὖὶȟὸ ὖὶȟὸ †Ὠὸ                                        ρς 

If the pressure filed is homogeneous, this is not a function of  ὶ  at all but only at the 

separation ɕ. Hence the cross ï correlation function may be denoted be  Ὑ ‒ ȟ†  . 

Cross power spectral density is defined as 

ί Ὦ  
ρ

ς“
Ὑ †Ὡ  Ὠ†                                                            ρσ 

When ὼὸ ȟώὸ represent the pressure at two points in a homogenous pressure field 

 ÉȢÅȢ     ὼὸ ὖὶȟὸ        ȟ         ώὸ ὖὶȟὸ 

 then  

Ὓ   Ὓ   

ộὖ ὸỚ  ộὖ ὸỚ  ộὖỚ                                                                       ρτ 
We can define the correlation coefficient ”‒  

”‒ ȟ† 
ρ

ộὖỚ
 Ὑ †                                                                                  ρυ 

”‒ ȟ†  ὰὭά
ᴼ

ρ

ςὝ
 ὖὸ ὖ‒ ȟ ὸ † ὨὸộὖỚ                                  ρφ 

    When 
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‒ π      ȟ    † π    ȟ ”πȟπ ρ  
 Ḉ Pressure at a point is always perfectly correlated with itself. 

ὭὪ ὖ  ‒ ȟὸ ὖπ ȟὸ       Ḉ ”‒ ȟπ   ρ 

where is perfect negative correlation when one pressure is in ñ anti ï phaseò with the 

other . 

3.  Results and discussion  
The surgical robot will face for random vibrations while working. These vibrations will 

cause weakness and stresses in the metal of robot with time because of movement of 

arms of the robot to get stable and accurate movement, this movement should analyzed 

by modern techniques by applying (Random vibration) on this robot. After putting the 

mechanical properties and dimensions for surgical robot model, which manufactured 

for Stainless steel that has the items below:  

 

Table (1) chemical properties and dimensions of surgical robot 

 

 
Fig. (6)  Surgical robot surgical robot 

 

We derive the translational, rotational, moments, and share force .we drew the model 

of surgical robot and applied the force of surgical scissors that used to do the 

operation. After that, the data were put in Ansys software and check the function of 

motion.  

The load had applied by dividing it to ten steps. The mode shape, response, or 

deflection as  
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shown below: 

 

 

 
Fig. (7)    Mode shapes 

 

During operation, the surgical robot will have stresses; these stresses have vectors, and 

can be found by Ansys software as shown below: 
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Fig. (8) Vectors stresses 

In addition to that, there are stresses caused by rotational, translational and random 

vibration. In these figures, the arm of the robot was assumed to be divided to some 

nodes: 
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Fig. (9) Nodal solution 

In this case, the surgical robot was assumed to be consisting of one element (solid 

frame). The figures below explain the stresses concentration in the robot: 
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Fig. (10) Element solution 

Furthermore, these figures below explain the effect of random vibration on the surgical 

robot in the case of subjected the arm to translational, rotational or compounded motion  
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Fig. (11) Translational response of random vibration 

 

 

 

1: MSC/ NASTRAN Case 1, Total Translation

2: MSC/ NASTRAN Case 1, Total Translation

3: MSC/ NASTRAN Case 1, Total Rotation

7: MSC/ NASTRAN Case 1, R1 Applied Moment

0.

0.000664

0.00133

0.00199

0.00266

0.00332

0.00399

0.00465

0.00531

0.00598

0.00664

0.00731

0.00797

0.00864

0.0093

0. 18. 36. 54. 72. 90. 108. 126. 144. 162. 180.

Y Coordinate System 1
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Fig. (12) Rotational response of random vibration 
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Fig. (13) Compound response of random vibration 

4. Conclusion 
 

    The paper to conduct an analytical study of surgical robot under the influence of 

forced vibration represent by sinusoidal function because it gives a description of the 

vulnerability or response to the surgical robot better and more accurate and that 

representation of the robot system vibrations study the dynamic motion to any machine 

which is representing in this paper the surgical robot, this research is important. 

If apply the load on surgical robot will face to random vibration and stresses its caused 

by random motion of surgical robot we conclude from resulting found from Ansys 

software program, The surgical robot if consist of from some nodes is best than consists 

of from element type because the stresses and vibration will divided on every node in 

this arm, consequently, we can discard the stress constriction problem. 

  

1: MSC/ NASTRAN Case 1, R2 Rotation

2: MSC/ NASTRAN Case 1, Total Translation

3: MSC/ NASTRAN Case 1, Total Rotation

7: MSC/ NASTRAN Case 1, R1 Applied Moment

-0.0066

-0.00546

-0.00433

-0.00319

-0.00206

-0.00092

0.000215

0.00135

0.00249

0.00362

0.00476

0.00589

0.00703

0.00816

0.0093

0. 18. 36. 54. 72. 90. 108. 126. 144. 162. 180.

Y Coordinate System 1
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ABSTRAC  
 

     Pipe elbows are consequential parts in a piping system. When a thin-wall elbow is 

exposed to variable amplitude loading as internal cyclic pressure, piping elbows are 

vulnerable to crack at the crown. This paper presents a technique to predict the fatigue 

life of elbows with the application of variable amplitude loadings (VAL). For this goal, 

the finite element analysis technique was being used for the modeling and simulation. 

The fatigue life prognostication was carried out using the finite element based fatigue 

analysis codes. Numerical life prognostication results of three types of elbows (135o 

,45o  and curved ) under VAL are presented and discussed. Varying elbows shows 

different fatigue life behavior, the curved one gives better life. The two types of 

elements (Tet4 and Tet10) were investigated with optimum mesh size to get the 

maximum principle stress. The simulation results showed that  more studies on the 

piping elbows necessity to be performed in order to obtain more delicate fatigue life. 

Keywords: Fatigue life, Finite element analysis (FEA), Pipe elbow, Variable 

amplitude   

                  loading(VAL), Tetrahedral element(Tet). 

ϣЊыϷЮϜ 
 

       ИнЫЮϜ ЌϽЛϧт ϝвϹзЛТ ̪ ϟуϠϝжъϜ ϤϝЫϡЇϠ ϣЊϝϷЮϜ ϣгЗжъϜ сТ ϣвϝлЮϜ ϽЊϝзЛЮϜ ев ϣуКнЫЮϜ ϟуϠϝжъϜ ϽϡϧЛϦ

 пЮϜ ϣЎϽК днЫт ϟуϠϝжъϜ ЩЯϧЮ сЯ϶ϜϹЮϜ БПЏЮϜ сТ ϣтϼмϹЮϜ ϤϝТыϧ϶ъϝЪ ϣЛЃЮϜ ϢϽуПϧв Ьϝгϲъ дϜϼϹϯЮϜ ХуЦϽЮϜ

Т ИϹЊ ̭нЇж ев ЙЂϜм оϹв ϩϳϡЮϜ ЭгІ ϩуϲ сКнЫЮϜ ϞнϡжъϜ ϽгЛϠ ϕϡзϧЯЮ ϣузЧϦ ϩϳϡЮϜ Ϝϻк аϹЧт . ϞнϡжъϜ с

 ϣЧтϽГЮϜ иϻк ϻуУзϦ бϦ ϹЦм .ϢϝЪϝϳгЮϜм ϣϮϻгзЯЮ ϢϸмϹϳгЮϜ ϽЊϝзЛЮϜ ЭуЯϳϦ ϣузЧϦ аϜϹϷϧЂϜ бϦ ϩуϲ ϢϽуПϧгЮϜ ЬϝгϲъϜ

 ) ϟуϠϝжъϜ ЩЯϧЮ  ϝтϜмϿЮϜ ев ИϜнжϜ ϨыϪ аϜϹϷϧЂϝϠ̻̼  ̪ ϣϮϼϸ̸̺̼ Ϯϼϸ ϣЂϜϼϹЮϜ ̭ϜϽϮϜ бϦ м (ϣузϳзгЮϜ ϟуϠϝжъϜм ϣ

 пЮϜ рϸϕт ϣуКнЫЮϜ ϟуϠϝжъϜ сТ ЭЫЇЮϜм ϝтϜмϿЮϜ Рыϧ϶Ϝ дϝϠ еуϡϦ ϹЧЮм ̪ϣϪыϫЮϜ ИϜнжъϜ иϻлЮ  ϭϚϝϧзЯЮ ϣЇЦϝзгЮϜм

 ск ϜϽгК ϝлЯЏТϜ дϝϠ ϣЂϜϼϹЮϜ иϻк Ьы϶ ев еуϡϦ ϹЧЮм ϝлКϜнжϜ пЯК ϜϸϝгϧКϜ ϟуϠϝжъϜ иϻк ϼϝгКϜ сТ Рыϧ϶ъϜ

 ϟуϠϝжъϜ) ϽЊϝзК ев еуКнзЮϜ етϻк ЉϳТ бϦ ϣϮϻгзЮϜ  ̭ϜϽϮϜ ϹзК. ϣузϳзгЮϜTet4 мTet10 ЭϫвъϜ бϯϳЮϜ Йв (

 ϹЧЮм пЋЦъϜ ϸϝлϮъϜ мϜ сЂϝЂъϜ ϸϝлϮъϜ ев ϼϹЦ пЋЦϒ пЯК ЬнЋϳЯЮ ЩЮϺм ϢϸϹϳгЮϜ ϽЊϝзЛЮϝϠ ϣЊϝϷЮϜ ϣЫϡЇЯЮ

нЫЮϜ ϟуϠϝжцϜ пЯК ϤϝЂϜϼϹЮϜ ев ϹтϿгЮϜ ̭ϜϽϮϜ ϢϼмϽЎ ϢϝЪϝϳгЮϜ ϭϚϝϧж ϤϽлДϒм пЯК ЬнЋϳЮϜ ЭϮϒ ев ЩЮϺм ϣуК

.ϟуϠϝжъϜ ЩЯϦ ϢϝуϳϠ ϕϡзϧЯЮ ϣЦϸ ϽϫЪϜ ϭϚϝϧж  
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INTRODUCTION 
 

   Piping elbows are one of the critical components of the piping systems in all 

applications. Elasticïplastic fracture analysis of piping [1] is increasingly important in 

life and structural integrity assessments. Significant efforts in developing fracture 

mechanics methodology have been made during the last three decades [6], together with 

validation against finite element results and experimental pipe test data. Accurate stress 

analyses of these components are required for reliable prediction of strength and 

residual life. Analytical solutions are available for only a few idealized geometries. 

When a thin-walled (diameter to thickness ratio >10) elbow is subjected to an in-plane 

moment, ovalisation of the circular section into an elliptical one, introduces high 

bending stress (circumferential component) at the crown and a crack may initiate at the 

crown. This has been confirmed by analytical [4] and experimental work [5]      It was 

noticed during an experiment by Naoki [7] that, for a stainless steel elbow with an 

axially through-wall crown crack, the crack opened at the outside surface and contacted 

at the inside surface, when subjected to in-plane closing bending moment. 

The general trend given by the Goodman relation is one of decreasing fatigue life with 

increasing mean stress for a given level of alternating stress. The relation can be plotted 

to determine the safe cyclic loading of a part; if the coordinate given by the mean stress 

and the alternating stress lies under the curve given by the relation, then the part will 

survive. If the coordinate is above the curve, then the part will fail for the given stress 

parameters [2]. 

     The failure criterion based on J-integral [8] is commonly used in elasticïplastic 

fracture mechanics. For estimation purposes, it is convenient to represent the J-integral 

as the sum of elastic and plastic components. The analytical, experimental and 

computational studies on this subject indicate that the J-integral and crack opening 

displacement are the most viable fracture parameters for characterizing crack initiation, 

crack growth and subsequent instability in ductile materials [9]. For arbitrary 

geometries, exact solutions are not available because of the complex nature of stresses 

and crack propagation at surface cracks in such cases. In this paper, finite element 

analysis of pipe elbows was carried out for different types of elbows (curved, 450 and 

1350). A fatigue life analysis based on the stress life approach was followed to obtain 

an estimate of the expected life of elbows, with application of variable amplitude 

loadings. The full pipe elbow was modeled using tetrahedral element (Tet4 and Tet10). 

Different mesh size was used to see its effect on maximum principle stresses as well as 

the difference between the two element types. 
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THE MATHEMATICAL MODEL  

Many numbers of equations have been developed to describe the sigmoidal da/dNïdK 

relationship. In this paper the Austen growth model is known as the implicitly model 

threshold has been used and it is expressed in the following equation: 

 

ÄÁÄ. #ȢЎ+ϳ  
ééééééééééééééééééééé..ééé..é..(1) 

Where 

Ўὑ  Ўὑ ȟ Ўὑ ȟ   

Ўὑ ȟ Ўὑ ὑ  

Ўὑ ȟ ÍÁØ Ўὑ ȟὑ   

And KSF defined as the modification for static fracture and KCL is known as the stress 

intensity at the crack closure. Furthermore, Austen modelled the onset of fast fracture 

using the following  expression 

+    

ééééééééééééééééééééééééé...éé(2) 

Austen also took into account the threshold and short cracks by applying a crack closure 

stress KCL which is expressed as follows: 

ὑ ὑ ὑ  
Ў

 

ééééééééééééééé...ééé....(3) 

Io is the smallest crack size that will propagate and is given by: 

 Ὅ

Ў

 

ééé..éééééééééééé..ééééééééééééé.(4) 

where, ȹůo is the un-notched fatigue strength and ȹKth is the threshold stress intensity  

and the threshold stress intensity is expressed as a bilinear function of the mean stress 

and the 

Austen model does not possess any explicit mean stress correction. Austen argued the 

irrelevance of this and attributed it to a manifestation of crack closure and retardation 

[6]. 

 

The Goodman relation can be represented mathematically as: 
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 ρ     

....................................................éééééééééé..(5) 

Where „ is the alternating stress, „  is the mean stress, „  is the fatigue limit for 

completely reversed loading and ʎ is the ultimate tensile strength of the material. The 

general trend given by the Goodman relation is one of decreasing fatigue life with 

increasing mean stress for a given level of alternating stress [1].   

FINITE ELEMENT APPROACH  

 
For many years, fatigue analysis has been thought of as following the logic as illustrated 

in 

Fig. 1.[10 ]   In this overview, the three main input parameters, namely geometry, 

material and loading, are regarded to have similar functions. These parameters seem to 

be the main input to any software for modelling and simulation 

 

 

 

 

 

 

 

   The start of a fatigue failure is a precisely local process and it is also one that depends 

on the dynamics of the system. the exact location where a crack is going to start, is a 

critical factor and a general distribution of parameters throughout the component is of 

secondary interest. This is strictly why the finite element analysis (FEA) is important 

in this particular discipline. With FEA, an analyst can choose any location within a 

model and concentrate on it. In fact, using FEA can give a tighter control over the move 

from general geometry and loading to the local parameters, and allows dynamic factors 

to be dealt with more analytically. 

  

FIGURE 1.   A conventional schematic flow of the fatigue analysis process  

(the general durability process) 
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The type of element used here is tetrahedral element  (4 and 10 nodes) shown in Figure 2. 

 

 

 

 

 

 

 

 

 

 

 

The results of the maximum principle stresses are used for the subsequent fatigue life 

analysis, using the cyclic load as an internal pressure to the pipe elbows. While the 

material used in this analysis is ASTM A533 steel as shows in Table1. 
 

TABLE 1. Mechanical properties of ASTM A533 steel 

 

 

 

 

 

 

  

Title Value 

Tensile Strength, Ultimate 550 - 690 MPa 

Tensile Strength, Yield  345 MPa 

Modulus of Elasticity 200 GPa 

Poissons Ratio 0.29 

Shear Modulus 80.0 GPa 

FIGURE.2  Finite Element Mesh ((a) Tet4, (b) Tet10,  

(c) Integration grid points of  the  Tet10 nodes) 
 

http://www.matweb.com/tools/unitconverter.aspx?fromID=108&fromValue=550
http://www.matweb.com/tools/unitconverter.aspx?fromID=108&fromValue=690
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The Finite Element  technique was used for modeling and simulation ,three type of 

geometry of the case study in three-dimension mesh showed in Figure 3. 
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FIGURE 3.   Three types of elbows ((a) 1350, (b) 450 , (c) curved) 
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RESULTS AND DISCUSSION 

 
The FEM analysis for the modelling and simulation based on ANSYS software .the 

element used it tetrahedral element. The Figure 4 showed the contour (image) of the 

stresses distribution (maximum principle stresses) on curve elbows for Tet10 mesh 

elements at a high load level. 

The Tet10 mesh is presumed to represent a more accurate solution since Tet4 meshes 

are known to be dreadfully stiff [2]. 

 

 

 

 

 

 

 

 

 

 

 

 
The stress-life (S-N) curve in the log diagram the three types of elbows based on 

Goodman theory using Tet10 element which, showed the difference in fatigue life with 

respect to the curvature of the elbows. Figure 5 shows the relation between the life and 

maximum stress . the curve for 1350 elbow gave minimum life while others gave 

maximum life .   

 

 

 

 

 

 

 

 

 

 

 

FIGURE  4. Contour display of stresses in 

elbow     
 

FIGURE 5. Stress-life curves (S-N) for elbows 
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The  meshing is based on the geometry, model topology, analysis objectives and 

engineering judgment. Each type of the meshes has some distorted elements cause error 

to the modeling in areas of elevated stress. In the design stage, these areas should be re-

meshed and further refined to check for solution convergence [9]. 

The auto Tet Mesh approach is a highly automated technique for meshing solid regions 

of the geometry. The Tet4 compared to the Tet10 (10 nodes tetrahedral) mesh using the 

same global mesh length for the same loading conditions. The comparison between two 

meshes is presented in Figure 6. The result shows that the Tet10 mesh predicted higher 

maximum Principle stresses than that the Tet4 mesh [7].  

 

 

 

 

 

 

 

 

The FEM generated using the tetrahedral elements with various mesh size are shown in 

Table2 for Tet10 and Table 3 for Tet4. 

The convergence of the stress was considered as the main criteria to select the mesh 

size. For the same mesh size (1.4 mm), the maximum percentage difference between 

the stress values observed between the two models is (the one with 9902 elements and 

other one with 11498 elements) is 64%. The maximum percentage difference between 

the mesh sizes (1.2 mm to 1.4 mm) is 95%. Thus, the mesh size (1.4) mm with (11498) 

elements were preferred to use for the finite element analysis due to the limitation of 

the computational and the storage capacity. 

  

FIGURE 6. The effect of mesh size on maximum principle stresses (Tet4 and 10Tet.) 
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TABLE 2. Mesh Size of the Tet10 element with Maximum Principle Stresses 

 

 

 

TABLE 3.  Mesh Size of the Tet4 element with Maximum Principle Stresses 

 

  

Mesh Size 

(mm) 

No. of 

Elements 

 

No. of Nodes No. of  D.O.F. 
Max. Principle 

Stresses (MPa) 

0.6 5337 68733 204776 116 

0.7 4221 54594 162526 111 

0.8 34257 43536 129433 109 

0.9 27198 36872 109585 98 

1.0 21674 31465 93996 95.5 

1.1 18358 26694 79195 95.2 

1.2 15663 23124 68435 94 

1.3 13274 19426 57535 93.5 

1.4 11498 18173 53789 89.1 

1.5 9651 15569 46033 82.9 

1.6 9032 13516 41665 82.4 

1.7 7731 12433 36433 81.3 

1.8 6974 11781 35322 78 

1.9 6164 12442 32661 77.9 

2.0 6037 11782 31333 77.4 

Mesh Size 

(mm) 

No. of 

Elements 
No. of Nodes 

No. of 

D.O.F. 

Max. Principle 

Stresses 

(MPa) 

0.8 34255 11480 34018 66 

0.9 27199 9120 26966 66 

1.0 21673 7295 21458 65 

1.1 18359 6179 18158 62.2 

1.2 15662 5262 15511 61.5 

1.3 13273 4461 13112 60.2 

1.4 9902 3328 9761 60.7 

1.5 9661 3266 9515 60.6 

1.6 9039 3058 8911 60.5 

1.7 7721 2615 7574 60.4 

1.8 6488 2183 6374 59 

1.9 6072 2068 5969 55.1 

2.0 5773 1951 5678 54.2 



 

27 

 

Thi -Qar University Journal for Engineering Sciences, Vol.7, No. 1 2016 

CONCLUSION 

 
Many fatigue prediction theories was studied and the best is the Goodman theory for 

different loading , this research , which showed the maximum life in curved elbow 

while for the 1350 elbow is the minimum life. These results must be taking into account 

in design of piping system. The result shows that the Tet10 mesh predicted higher 

maximum principle stresses than that the Tet4 mesh with same mesh size, but with more 

number of elements, nodes and degree of freedom.We conclude that, using the ideal 

number of elements not only the minimum mesh size, but the effective element type for 

the finite element analysis due to the limitation of the computational and the storage 

capacity.  
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Abstract 

 In this paper, a numerical investigation of a natural convection from an 

isothermal inclined plate immersed in air has been done. Taking into account the 

variation of the viscosity and thermal conductivity with temperature. The governing 

conservation equations of continuity, momentum and energy are non-dimensionalized 

by using an appropriate transformation. The non-dimensionalized equations are solved 

simultaneously by using a finite volume method. The effect of inclination angle with 

varying viscosity and thermal conductivity on the local skin friction, local Nusselt 

number, average skin friction and average Nusselt number has been discussed. From 

the results obtained the allotment of the local skin friction and the local Nusselt number 

on the plate vary due to angle change. The average skin friction and the average Nusselt 

number decrease with increase of the angle of inclination. 

keyword: Natural convection, inclined plate, variable viscosity, variable conductivity 

:ЉЯϷϧЃгЮϜ 

 ϻ϶ъϜ Йв ϽϳЮϜ ЭгϳЮϜ пЯК ϣз϶ϝЂ ϣϳуУЊ дыув ϣтмϜϾ ϽуϪϓϦ ϣЂϜϼϸ ϩϳϡЮϜ Ϝϻк сТ бϦ

 аϜϹϷϧЂϝϠ .ϢϼϜϽϳЮϜ ϣϮϼϸ Йв ϣтϼϜϽϳЮϜ ϣуЯЊнгЮϜ м ϣϮмϿЯЮϜ ев ЭЪ ϽууПϦ ϼϝϡϧКъϜ ϽЗзϠ

 Эϲ бϦ. ϣтϹЛϠ ъ ϤъϸϝЛв пЮϜ ϣЦϝГЮϜм б϶ϿЮϜ ̪ϣтϼϜϽгϧЂъϜ ϤъϸϝЛв ЭтнϳϦ бϦ ϟЂϝзгЮϜ ЍтнЛϧЮϜ

ЮϜ ϤъϸϝЛгЮϜ Йв  ϣϳуУЋЮϜ дыув ϣтмϜϾ ϽуϪϓϦ ϣЇЦϝзв бϦ. ϢϸϹϳгЮϜ анϯϳЮϜ ϣЧтϽА аϜϹϷϧЂϝϠ  ϣтϹЛϠы

 ϥЯЃж ϸϹК̪ сЛЦнгЮϜ сϳГЃЮϜ ШϝЫϧϲъϜ ев ЭЪ пЯК ϣтϼϜϽϳЮϜ ϣуЯЊнгЮϜм ϣϮмϿЯЮϜ  ϽуПϦ

̪сЛЦнгЮϜ  .ϥЯЃж ϸϹК ЬϹЛвм сϳГЃЮϜ ШϝЫϧϲъϜ ЬϹЛв пЮϜ ϽуЇϦ ϝлуЯК ЬнЋϳЮϜ бϦ сϧЮϜ ϭϚϝϧзЮϜ

 ев ЭЪ ЙтϾнϦ дϜ ϽуПϧϠ ϽуПϧт ϣϳуУЋЮϜ пЯК сЛЦнгЮϜ ϥЯЃж ϸϹКм сЛЦнгЮϜ сϳГЃЮϜ ШϝЫϧϲъϜ

 дϜ ϝгЪ. дыугЮϜ ϣтмϜϾϥЯЃж ϸϹК ЬϹЛвм сϳГЃЮϜ ШϝЫϧϲъϜ ЬϹЛв .дыугЮϜ ϣтмϜϾ ϢϸϝтϿϠ ЭЧт  
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1. Introduction:  

Natural convection is very common phenomenon in a number of practical 

applications such as solar collectors, electronic component and chemical processing 

equipment, it is caused by the temperature difference between the body and the fluid 

surrounding it that produce density difference in the fluid result in natural flow. Many 

literatures exist about natural convection from flat plate because of its engineering 

application but most of these previous studies have been conducted natural convection 

with constant properties for vertical or horizontal plates. Natural convection along an 

inclined flat plate has encountered less interest than the case of vertical or horizontal 

plates. Michiyoshi [1] studied heat transfer from an inclined thin plate by natural 

convection theoretically. The results show the local heat transfer coefficient is inversely 

proportional to the thickness of the boundary layer and the heat transfer coefficient of 

vertical plate is larger than that for inclined plate. 

H.T. Lin et al [2] conducted the heat and mass transfer from a vertical plate 

maintained at uniform wall heat flux and species concentration by free convection. 

They founded correlation equations for estimating the rate of mass transfer and heat 

transfer. 

 N. Onur et al [3] conducted experimental study on the effects of inclination and 

plate spacing on natural convection heat transfer between parallel plates.  The angles 

investigated are 10. 30 and 45 with respect to the vertical and for a separation distance 

from 2 mm to 33 mm. the lower plate isothermally heated and the upper plate thermally 

insulated. They found that Nusselt number depends on the separation distance between 

the plates. Heat transfer results also depend on plate inclination. 

P. Ganesan et al [4] studied numerically the unsteady heat and mass transfer from 

impulsively started inclined plate. It is observed that local wall shear stress decreases 

as an angle of inclination decreases.  

T.D.  Jr et al [5] studied natural convection from vertical plate in the present of heat 

source. Using finite volume method to solve the governing equations descript this 

phenomenon. The influence of the source size on the transition region deserves more 

attention. The presence of this region of transition emphasizes the complexity of this 

kind of flow. 

L.S. Yao [6] studied the natural convection along a complex vertical surface created 

from two sinusoidal functions. The numerical results show that the total heat transfer 



 

30 

 

Thi -Qar University Journal for Engineering Sciences, Vol.7, No. 1 2016 

rate for the wavy surface is indeed much greater than that of a flat plate. The enhanced 

rate is proportional to the ratio of amplitude to the wavelength of the surface. 

N. C. Mahanti et al [7] studies numerically the effect of linearly varying viscosity 

and thermal conductivity on steady free convective flow and heat transfer along an 

isothermal vertical plate in the presence of heat sink. For their study the velocity and 

temperature of the fluid decrease with increase Prandtl number. The velocity and 

thermal boundary layer thickness decrease with increase Prandtl number and   decrease 

with the decrease in the heat sink parameter. 

S.C.saha  et al [8] investigated the natural convection from inclined cooled plate 

ramp cooling condition by using scaling analysis. They show that the development of 

the boundary layer flow depends on the comparison of the time at which the ramp 

cooling is complete with the time at which the boundary layer completes its growth. 

The cold boundary layer is potentially unstable to the Rayleigh-Benard instability.  

S. Siddiqa et al [9] investigated natural convection from a semi-infinite flat plate 

inclined at small angle to the horizontal with internal heat generation and exponential 

variation of viscosity. The governing equations are transformed into dimensionless 

equations which are solved using finite difference method. It is observed that as 

increase the inclination angle both heat transfer rate and skin friction coefficient 

increase. It is also shown that with an increase in heat generation, the local skin friction 

increase while the heat transfer rate decrease for a high Prandtl number. 

 G. Palani et al [10] studied numerically the unsteady natural convection from 

vertical plate with variable viscosity and thermal conductivity. The governing equations 

are solved numerically using finite difference scheme. The results show as the viscosity 

parameter increases the higher velocity is observed in the region near the wall and it 

gives higher Nusselt number and lower skin friction. It is also shown that as the thermal 

conductivity parameter increases the fluid velocity and the fluid temperature increases. 

Also it is observed that neglecting the viscosity and thermal conductivity variation will 

give substantial errors.      

The aim of the present study is to numerically investigate the effect of angle 

inclination on the natural convection from heated inclined plate with variable viscosity 

and thermal conductivity. 
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2. Problem description:     

  Consider a two-dimensional, steady state flow of viscous incompressible fluid 

past a semi-infinite heated plate, which inclined at an angle ɗ to the vertical axis at 

constant temperature. The x-axis is taken along the plate and the y-axis is perpendicular 

to the plate at the leading edge, as shown in fig (1). The gravitational acceleration (g) 

is acting down ward. The plate temperature is assumed to be Ὕ  and the surrounding 

stationary fluid temperature is TÐ. All physical properties are assumed to be constant 

except for the thermal conductivity, which varies linearly with the fluid temperature 

and the fluid viscosity which varies exponentially with the fluid temperature.    

 

 

 

 

 

 

 

 

3. Mathematical and numerical formulation: 

 For steady state, two-dimensional, incompressible fluids with Boussinesq 

approximation, the governing equations are given by [9,10]: 

Continuity equation:  
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y-momentum equation: 
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Energy equation  
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The boundary conditions are  
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Fig (1) The physical coordinate 
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Introducing the following non-dimensional quantities: 
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The variations of thermal conductivity and viscosity with dimensionless 

temperature T are proposed in the following forms by G.Palani et al [10]: 

Ὧ

ὯЈ
ρ Ὕ                                                                                                        χ 
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Where ɔ and ɚ are the thermal conductivity and viscosity variation parameters, 

respectively, depending on the nature of fluid. In the present study air is selected as the 

working fluid with the following ranges [10]: 

-0.7 Ò ɚ Ò 0    ,   0 Ò ɔ Ò 6   ,   Pr=0.733 

Substituting the non-dimensional quantities into Equations (1-4), will be 

produce the following forms: 

Continuity equation   

 
Ὗ

ὢ

ὠ

ὣ
π                                                                                                           ω 

Momentum equation 
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Energy equation 



 

33 

 

Thi -Qar University Journal for Engineering Sciences, Vol.7, No. 1 2016 

╤
⸗╣

⸗╧
╥
⸗╣

⸗╨ ╟►╖►
♬╣
⸗╣

⸗╧
♬
⸗╣

⸗╧
♬╣
⸗╣

⸗╨
♬
⸗╣

⸗╨
    

     

The corresponding boundary conditions in non-dimensional form are   

5 6 π      4 Ὕ              ὥὸ                 ὣ π 

5ᴼπ                 0O π           4  4          ÁÔ           9ᴼЊ                                   ρσ 

The important parameters to be calculated are shear stress and the rate of heat transfer 

at the plate. 

The local shear stress at the plate is defined by [9,10]: 

† ‘
ό

ώ
                                                                                                                ρτ 

             By substituting the non-dimensional quantities in Eq. (14), the non-

dimensional form of the local skin friction will be 
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           The integration of Eq.(15) from X=0 to X=1 gives the average skin friction and 

it is given by : 
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 The local Nusselt number is defined by [9,10]:   
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      By substituting the non-dimensional quantities in Eq. (17), the non-dimensional 

form of local Nusselt number is given by : 

     ὔ ρ 
Ὕ

ὣ
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The integration of Eq.(18) from X=0 to X=1 gives the average Nusselt number 

and it is given by : 

ὔ ρ 
Ὕ

ὣ
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The governing continuity, momentum and energy equations (9-12) with 

boundary conditions are solved simultaneously by using a finite volume method. Steady 
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segregated solver was used with second order upwinding scheme for convective terms 

in the momentum and energy equation. For pressure-velocity coupling, pressure 

implicit with splitting of operators (PISO) scheme was used. A convergence criterion 

of ρ ρπ was applied to the residual of the continuity and the momentum equations 

and ρ ρπ to the residual of the energy equation. 

4. Results and discussion: 

4.1. Validation 

In order to check the accuracy of the present work, a comparison is made with 

[10].   A comparison of velocity and temperature profiles at X=1 for steady state. The 

comparison is done for air with Pr=0.733 of vertical plate (ɗ = 0) and ɚ=-0.4 with ɔ= 

(0, 2, 4). Fig (2) shows the variation of U from [10] with U obtained from the present 

work with Y for ɚ=-0.4 and    ɔ= (0, 2, 4). From this figure it can be seen that, the 

agreement is acceptable and the average error is 1.7%. The variation of T from [10] 

with T obtained from the present work with Y for ɚ=-0.4 and ɔ= (0, 2, 4) is shown in 

Fig (3). From this figure the average error is 2% and the agreement is acceptable. From 

these figures, it can be concluded that the present model has good accuracy and can be 

used accurately.   

 

 

   

 

 

 

 

 

 

  

 

 

 

 

 

 Fig (2) Variation of U with Y for ɚ=-0.4 and ɔ= (0, 2, 4) as 

comparison between data of [10] and result of present 

model. 

Fig (̺ ) Variation of T with Y for ɚ=-0.4 and ɔ= (0, 2, 4) as 

comparison between data of [10] and result of present 

model. 
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To study the effect of inclination angle on the behavior of the local skin friction 

and local Nusselt number of natural convection from inclined plate for variable thermal 

conductivity and viscosity. Fig (4-a) shows the variation of local skin friction with X 

for ɗ=0, Pr=0.733 and ɚ= -0.2 with different value of ɔ, It can be seen that the local skin 

friction increases as X increase due to increase velocity of air  from the leading edge to 

the rear of the plate. The effects of increasing the thermal conductivity parameter ɔ on 

the local skin friction are as the ɔ increase, the local skin friction increase due to increase 

of thermal conductivity of air that cases an incensement in the velocity of air near the 

plate. The increment of local skin friction is different according to the location of X on 

the plate therefor three point are chosen on the plate X=0.25, X=0.5 and X=0.75 to 

explain increment percentage .The increment percentage are listed in table (1). Fig (4-

b) present the variation of local skin friction with X for ɗ=0, Pr=0.733 and ɔ= 2 with 

different value of ɚ, It can observed that the local skin friction increases as X increase 

due to increase velocity of air  from the leading edge to the rear of the plate. The effects 

of decreasing the viscous variation parameters ɚ, on the local skin friction are as the ɚ 

decrease, the local skin friction increase due to increase the velocity of air caused by 

decreasing the viscosity of air. The increment percentages are listed in table (1). 

 

 

 

 

 

 

 

 

 

Fig (5-a) illustrate the variation of local Nusselt number with X for ɗ=0, 

Pr=0.733 and ɚ= -0.2 and different value of ɔ. From this figure it can be seen that the 

local Nusselt number begin with the greatest value at the beginning of the plate then 

suffer from a sharp decline until X=0.08 after that it decrease gradually to the end of 

the plate. This behavior is due to increase thermal boundary layer thickness as it proceed 

from the leading edge to the rear of the plate, with corresponding smaller wall 

temperature gradient and hence smaller local Nusselt number. The effects of increasing 

the thermal conductivity parameter ɔ on the local Nusselt number are as the ɔ increase, 

Fig (4) Variation of local skin friction with X for ɗ=0 (a) ɚ= -0.2 and different ɔ, 

(b) ɔ =2 and different ɚ. 
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the local Nusselt number increases for the same value of X due to increasing thermal 

conductivity that result in increased temperature of air. The increment percentages are 

listed in table (2). Fig (5-b) present the variation of local Nusselt number with X for 

ɗ=0, Pr=0.733 and ɔ= 2 with different value of ɚ, It can observed that the local Nusselt 

number behave in the same way in as in fig (5-a). The effects of decreasing the viscous 

variation parameters ɚ, on the local Nusselt number are as the ɚ decrease, the local 

Nusselt number decrease due to decreasing the viscosity of air casing lower temperature 

of air near the plate. The increment percentages are listed in table (2).  

 

 

 

 

 

 

 

 

Fig (6-a) represent the variation of local skin friction with X for ɗ=30, Pr=0.733 

and   ɚ= -0.2 with different value of ɔ, It can be seen that the local skin friction increase 

from the beginning of the plate to X=0.04 then it suffer from a slight decrease to X=0.16 

then it begins to increase until it arrives at the greatest value at X=0.84 and then fall to 

the end of the plate.   This behavior is a result of generation of vortexes and disturbance 

of boundary layer in the regain of the leading and the rear edges due to increase angle 

of inclination. The effects of increasing the thermal conductivity parameter ɔ on the 

local skin friction is Similar to that in Fig (4-a). The increment percentages are listed in 

table (1). From Fig (6-b) It can be seen that the local skin friction behave in the same 

way as in Fig (6-a) but for ɗ=30, Pr=0.733 and ɔ =2 and different value of ɚ. The effects 

of decreasing the viscous variation parameters ɚ, on the local skin friction are similar 

to that in Fig (4-b). The increment percentages are listed in table (1). 

 

 

 

 

 

 

Fig (5) Variation of local Nusselt number with X for ɗ=0 (a) ɚ= -0.2 and different ɔ, 

(b) ɔ =2 and different ɚ. 


