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Abstract 
In this paper a numerical investigation is made to study the axially symmetric, laminar 

air flow in the entrance region of an annulus by solving the two dimensional governing 

equations of motion ( continuity, momentum & energy ) using implicit finite difference 

method and the Gauss elimination technique. A STAR CCM + program is used. The results 

obtained for velocity and temperature profile revealed that, the secondary flow created by 

natural convection have a significant effect on the heat transfer process. A comparison has 

been made for results which show a good agreement. 
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  المستخلصالمستخلص
نتقال الحرارة خلال انبوبي متحدي المركز في منطقة الدخول عددیاً من خلال حل في ھذا البحث تم دراسة عملیة ا    

ثنائیة الابعاد باستخدام طریقة  الفروقات المحددة ) معادلة الاستمراریة ، معادلة الزخم ومعادلة الطاقة ( معادلات الحركة 

صول علیھا فیما یخص السرعة ودرجة النتائج التي تم الح. ( STAR CCM )وطریقة كاوس للحذف باستخدام برنامج 

تم مقارنة . الجریان الثانوي المتولد بواسطة الحمل الحر لھ تأثیر مھم على عملیة انتقال الحرارة  أن إلىالحرارة تشیر 

  .ھناك تقارب جید أنالنتائج ووجد 

 

1. Introduction 

Convection heat transfer is one of the important heat transfer modes, this process is 

classified into three distinct types (natural, forced and mixed) convection. The interaction of 

the natural and forced convection currents can be very complex and difficult because it 

depends not only on all the parameters determining both forced and free convection relative to 
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one another but sometimes also on a large number of interacting parameters including the 

relative direction of the natural and forced convection to each other, the arrangement of the 

geometry, the velocity profile at annulus entrance and the heating surface boundary conditions 

[2].Laminar flow combined convection heat transfer in annulus is encountered in a wide 

variety because of special importance in many industrial engineering applications. The 

following examples can be cited: heating or cooling of double pipe heat exchangers for 

viscous liquids, heat exchangers for gas flows [2], cooling of electronic equipment, compact 

heat exchangers [3], and the cooling core of nuclear reactors [4]. The full understanding of the 

prevailing velocity and temperature fields, as well as, the pressure drop and heat transfer 

coefficient, is necessary for the proper design. In addition, to estimate the magnitude of the 

thermal shock that any one of the preceding systems wall will suffer [5, 6, 7]. 

Therefore, considering the secondary flow motion continues along the annulus, where as 

in the uniform inner wall temperature boundary condition, the secondary flow motion 

develops to a maximum intensity and then diminishes to zero as the temperature difference 

continuously decreases [8, 9, and 10]. 

 

2. Mathematical modeling 
2.1. Governing equations 

The governing equations of motion are developed on the following assumptions: 

Fully developed velocity profile at the entrance of the test section, Steady state laminar and 

upward flow, Constant wall heat flux at annulus inner tube, constants fluid properties except 

the density in the buoyancy term and viscous dissipation is neglected. 

The following Non dimensional differential equations represent conservation of 

continuity, momentum (Navier Stockes equations in both axial and radial directions) and 

energy equation [1] & [4]. 

 

Continuity equation: 
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 Momentum equation in radial direction: 
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 Energy equation:  
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  Integral continuity equation: 

( ) ∫ ∂=−
1

N

2 R    URN1
2
1

        (5) 

 

The viscosity and density variation with temperature are taken to be [11, 12, and 13]: 

)tCtCC( 2
321i −+µ=µ           (6)                

)tCtCC( 2
654i +−ρ=ρ        (7)     

Where C1, C2… C6 are constants. 

Where the following dimensionless parameters are used: 

        U =
i

u
u   ,     V =

iu
v      , R = 
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r      , X =  

2r
x    ,   p =  
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pp −   , T = GC5 (t-t i )   , 
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 Viscosity and density variation, equations (6, 7) in dimensionless form becomes:  

)TCcTCcCc( 2
321i −+µ=µ         (8) 

)T)G/Cc(T)G/Cc(Cc( 2
654i +−ρ=ρ           (9) 

Where: 

 

      Cc1=C1 +C2 ti-C3 ti
2     ,       Cc2 = (1/G.C5) (C2-2C3i)    ,    Cc3 = -C3/G2 .C5

2 

Cc4 = (C4-C5ti+C6 ti
2)   ,    Cc5 = (2C6ti/ C5) – 1      ,     Cc6 = C6 / G.C5

2 

The boundary conditions in dimensionless form are: 
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at x = 0 U = ( )ln(R) BR1
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3. Numerical solution 
In thermal entrance region, the problem of air flow with constant physical properties 

except the density in buoyancy term is that the energy equation (4) is coupled with the 

continuity and momentum equations (1 - 3). This leads to say that the problem may be 

divided into two parts. The equation of energy can be solved to determine the temperature 

profile after which the continuity equation and momentum equation can be solved to 

determine the hydrodynamic characteristics of the entry length by using the temperature 

profile previously obtained from thermal calculations. In the following numerical 

approximation method, the energy equation will be solved by a direct implicit technique and 

the hydrodynamic part of the problem will be solved by means of extension to the linearized 

implicit finite difference technique. A rectangular grid was used with suffices n and  m   for 

the axial and radial directions, respectively. A uniform radial spacing was used, but the 

marching procedure permitted a doubling of the axial step size at arbitrary location and any 

number of times. Basically, the unknown solution grid point is defined by suffix (n+1,m) and 

the finite difference method is used to give sets of linear equations for the variable U, V, P 

and T at the unknown axial position "n+1". Where the product of two unknowns occurs, 

linearity in the set of equations is achieved by putting one unknown of its value at the 

previous known step "n". 

The boundary conditions in finite difference form become: 

1.   Entry condition: U1, m = ( )







 −
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12 ,   V1,m = 0  ,  P1,m = 0   ,   T1,m  = 0 

2.  Wall flow condition: Un, M+1 = 0,    Vn, M+1 = 0 

3.   Wall thermal condition: Tn, H+1 = Tn, H + 
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4. Computational method and simulation program     
In the present theoretical work a computational model is used to study the effect of 

various parameters such as the heat flux and the Reynolds number on the velocity and 

temperature profiles and on the heat transfer coefficient in a horizontal annulus. The 

procedure used to solve the above equation was as follows:  

Equation (4) (for temperature) was written for each radial position at first axial step. This 

gives a set of M-1 equations for the unknowns T’s that were solved by Gauss elimination 

method. Then equations (1 - 3) with integral continuity equation (4) were similarly written 

and solved for the unknowns U, V and P and these gave equations for U, V, and P unknowns. 

The known values of T, U, V and P where then used as input data to solve the next axial step. 

The introduction of second derivative of velocity and temperature in the axial direction 

means that three axial positions were involved in the finite difference approximation, two 

positions (suffices " n-1" and " n") were known and one (suffice "n+1") was unknown. After 

solution of a given step, the old values at " n" and "n+1"  became the new values at  "n-1" and 

"n" respectively and old " n-1" data redundant, and we use STAR CCM+ package for solving 

problem. Knowing the temperature profiles from the numerical solution of energy, the mixing 

cup temperature and the local Nusselt number at any cross section can be calculated. The 

mixing cup temperature at any cross section is defined by: 

∫

∫
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or, in dimensionless form: 
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The local Nusselt number at any cross section is defined by:   
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or, in dimensionless form:      
mxsx

NR
x TT
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Where: 

Tsx= Dimensionless local inner tube surface temperature. 

Tmx= Dimensionless local mixing cup temperature. 

 

5. Results and discussion 
The numerical study has been conducted mainly to study combined convection heat 

transfer to assisting airflow in a heated horizontal annulus. The temperature profile, velocity 

profile, variation of the inner tube surface temperature, and local Nusselt number along the 

annulus has been investigated. 

 

5.1. Temperature profile    

Generally, the variation of the surface temperature along the annulus inner tube may be 

affected by many parameters such as heat flux, flow velocity, the annulus inclination and the 

flow entrance situation.  

The temperature distribution in the horizontal annulus for selected runs is plotted in 

Figures (1, 2). From this figure it can be seen at test section entrance the inner tube surface 

temperature gradually increases up to a specific axial position the temperature reaches a 

maximum value, after that the inner tube surface temperature decreases at annulus exit. Figure  

(1) shows the effect of Reynolds number on the inner tube surface temperature for heat flux 

(241 W/m2). It is obvious that the increase of Re lead to reduce the inner tube surface 

temperature, as the heat flux is kept constant. It is necessary to mention that as heat flux 

increases the inner tube surface temperature increases because the free convection is the 

dominating factor in the heat transfer process. Figure  (2) shows the variation of the surface 

temperature along the annulus inner tube for different heat flux, for Re=598 and for calming 

section length equal to 60 cm (L/ Dh =13.95). This figure reveals that the inner tube surface 

temperature increases at annulus entrance reaching a maximum value after which the inner 

tube surface temperature decreases earlier for higher heat flux. This can be attributed to the 

development of the thermal boundary layer faster due to buoyancy effect as the heat flux 

increases for the same Reynolds number. 
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The inner tube surface temperature variation for the second calming section with length 

equal to 90 cm (L/D h =20.93) for Re=598, shows a similar trend as mentioned above for (L/D

h =13.95).   

 

5.2 Velocity profile 

The velocity profiles along the horizontal annulus, for Re=1200 and for different rates of 

heat flux for inner wall, are shown in Figures (3 & 4), from these figures one can see that, for 

high (Re) number the profiles have revealed a small effect of buoyancy forces in all the 

profiles and show a profile similar to pure forced convection behavior. The maximum 

velocity occurs at dimensionless radial distance (R) equal to (17). Figure  (5) shows the axial 

velocity profiles for Re=540 and for heat flux equal to 288 W/m2. The profile at annulus 

entrance (x=0) computed and depicted for a fully developed pure forced convection.  
 

5.3. Surface temperature 

The inner tube surface temperature distribution along a horizontal annulus is shown in 

Figures (7 to 9). The inner tube surface temperature distribution along the annulus, for 

different heat flux and for constant Reynolds numbers (332 and 1128) is shown in Figures 

(6&7) respectively. The temperature variation for different Reynolds numbers and for 

constant heat flux (82.778 W/m2 and 545 W/m2) is shown in Figures (8&9) respectively. The 

figures show that the inner tube surface temperature increases as the heat flux increases for 

same Reynolds number. While the inner tube surface temperature decreases as the Reynolds 

numbers increase for same heat flux. 

 
5.4. Local Nusselt number (Nux)   

The variation of local Nusselt number (Nux) with dimensionless axial distance (Z+), for 

horizontal position is shown in Figures (10 to 13) for selected runs. The general shape of 

these curves plotted on a semi logarithmic plot decreases, at annulus entrance until it reaches 

a minimum value after which (Nux) increases at annulus exit. It is clear that as Z+ approaches 

zero the (Nux) must approach infinity since at Z+ equal to zero, the boundary layer thickness is 

zero.  
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Figures (10&11) show the effect of the heat flux variation on  (Nux) distribution for 

Re=598 and Re=1128 respectively. It is clear from these two figures that at the higher heat 

flux, the values of (Nux)were slightly higher than the values of lower heat flux. This may be 

attributed to the secondary flow superimposed on the forced flow effect increases as the heat 

flux increases leading to higher heat transfer coefficient. The smooth curve in each figure 

represents the theoretical pure forced convection (TPFC) based on constant property analysis 

of [10]. 

Figures (12&13) shows the effect of Reynolds number variation on (Nux)distribution 

with (Z+), for heat flux (241 W/m2) in Figure  (12) and for high heat flux (545 W/m2) in 

Figure  (13). For constant heat flux, the (Nux) value gives higher results than the predicted 

pure forced convection value and moves toward the left of (TPFC) as Reynolds number 

increases. This situation reveals that the forced convection is dominant on the heat transfer 

process with little effect of buoyancy force for high Reynolds number. As the (Re) number 

reduced, the buoyancy effect expected to be higher which improves the heat transfer results.  

It is necessary to mention that for horizontal annulus, the effect of secondary flow is high, 

hence at low Reynolds number and high heat flux, the situation makes the free convection 

predominant. Therefore, as the heat flux increases, the fluid near the inner tube wall becomes 

warmer and lighter than the bulk fluid in the annulus while the fluid near the outer tube 

(unheated) becomes heavier than the bulk fluid in the annulus. As a consequence, two upward 

currents flow along the inner tube circumference, and by continuity, the fluid near the inner 

surface of outer tube flows downward. This sets up an expected two longitudinal vortices, 

which are symmetrical about an inner tube. These vortices reduce the temperature difference 

between the inner tube surface and the air flow which lead to increase the growth of the 

thermal boundary layer along the annulus and causes an improvement in the heat transfer 

results. But at low heat flux and high Reynolds number the situation makes the forced 
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convection predominant and the vortices strength diminished which allow the forced flow to 

decrease the temperature difference between the inner tube surface and the air, hence the 

(Nux) values become higher.  

The (Nux) distribution for the second calming section (L/D h =20.93), and mentioned 

above when (L/D h =13.95) in  horizontal position, for the same Reynolds Reynolds number 

and same heat flux. 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure(2). Variation of the inner tube surface 
temperature with the axial distance for 
Re=598, Lcalm.=60 cm  , =θ  0ο (Horizontal ). 

Figure (1). Variation of the inner tube surface 
temperature with the axial distance 

for q=241 W/m 2 , Lcalm.=60, =θ 0ο ( Horizontal ). 
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Figure(3). Developing velocity profiles 
along the annulus for q=0 w/m2 and 

Re=1200. 
 

Figure (4). Developing velocity profiles 
along the annulus for q=90 w/m2 and 

Re=1200. 
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Figure (5). Developing velocity profiles along 

the annulus for q=288 w/m2and Re=540. 
Figure(6). Variation of the inner tube surface 

temperature along the axial distance for Re = 332. 

Figure (7). Variation of the inner tube 

surface temperature along the axial 

distance for Re=1128. 
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Figure (8) .Variation of the inner tube 

surface temperature along the axial 

distance for q= 82.77 w/m2. 
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Figure (9) .Variation of the inner tube surface 

temperature along the axial distance for q=545 

w/m2. 
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Figure (10). Variation of  local Nusselt number 

with dimensionless axial distance for Re = 598, 

Lcalm. = 60 cm,θ =0○ (Horizontal). 

Figure (11). Variation of the local Nusselt 

number with dimensionless axial distance  for  

Re = 1128, Lcalm.= 60 cm,θ =0○ (Horizontal). 
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q = 241 W/m2, Lcalm. = 60 cm, θ =0○ 

(Horizontal). 
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6. Conclusions 
From the results obtained, the follow conclusions can be drawn: 

1. The temperature profile along the annulus shows a steep profile near the heated 

surface. 

2. Near the annulus entrance the velocity profiles for different heat flux were found to be 

similar to those for pure forced convection behavior. But in the annulus downstream 

the velocity profiles were distorted and a high degree of central concavity appeared by 

the action of buoyancy forces. 

3. For high (Re) number, the velocity profiles does not change with the increase of heat 

flux, from the pure forced convection trend and no effect of buoyancy forces. But in 

low (Re) number the velocity profiles change with the increase of the heat flux. 

4. The central concavity of velocity profiles diminishes as (x) increases but does not 

vanish completely. The degree of central concavity decreases as  (Re) number 

increases. 

5. The variation of (Nux) with (Z+),was affected by many factors summarized in the as, 

heat flux, buoyancy force, Reynolds number. 

Figure (13). Variation of local Nusselt number with 

dimensionless axial distance for q = 545 W/m2, Lcalm. = 60 

cm   ,θ =0○ (Horizontal). 
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88  ..  NNoommeennccllaattuurree  

Symbol  Description Unit 

C1, C4 = Constants, eqs. (6)& (7) -------- 

C2,C5 = Constants, eqs. (6)& (7) 1/ °C 

C3,C6 = Constants, eqs. (6)& (7) 1/ °C2 

Cc1,Cc2,Cc3 = Constants, eq. (8) -------- 

Cc4,Cc5 ,Cc6 = Constants, eq. (9) -------- 

Cp = Specific  heat at constant pressure J/kg.°C 

D h  = Hydraulic diameter M 

G = Gravitational acceleration m/s2 

H = Heat transfer coefficient W/m2.°C 

K = Thermal conductivity W/m.°C 

L = Annulus length    m    

M = Radial mesh point in the annular space --------- 

N =  Axial mesh point --------- 

P  = Dimensionless  pressure at any cross section 2
mi upp ρ−=  --------- 

R = Radial coordinate m 

r1 = Inner  radius of inner tube m 

r 2  = Outer radius of outer tube  
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tm = Mixingcup temperature over any cross section °C 

T = Dimensionless temperature ( )i5 t-tC.G=  --------- 

TA , TB = Constants --------- 

U = Axial velocity component m/s 

Um = Axial mean velocity m/s 

V = Radial velocity component m/s 

V = Dimensionless radial velocity component muv=  --------- 

X = Axial coordinate         m  

 

Dimensionless Group 

Re = Reynolds number µρ D.v.=  

Superscript 

a                         Air 

i                          Annulus entrance (inlet) 

s                          Surface 

t                           Total        

w                         Wall 

x                          Local 

 

 


